Two different forms of symmetry breaking are considered for linear antiferromagnetic systems (S = i). Their relative stability is examined by considering small fluctuations in the harmonic oscillator approximation. Imaginary frequencies correspond with an unstable phase, and the ground state represents an absolute minimum of the total energy, including contributions from the zero-point fluctuations.
Introduction
Extensive study has been made of the so-called singlet-pair states (SPS) of linear antiferromagnetic spin i systems with nearest and next-nearest neighbour interactions. There are also examples of other linear systems that demonstrate this type of ordering, but which have an interaction of longer rangela). The SPS does not possess a classical analogue.
Intuitive approaches of quantum mechanical ordering in magnetic systems start with a given classical ordering (e.g. the NCel state). Fluctuations around this ordered state, considered as coupled quantized harmonic oscillators, lead to the well-known spin-wave model (SWM) of (anti)ferromagnetism'). The SPS may be considered as the zeroth-order approximation of another approach in which the pairs are treated as oscillators. For those Hamiltonians for which the SPS are exact ground states these oscillators are uncoupled, but for other interactions there exists a coupling. In the harmonic oscillator approximation for this coupling we have an alternative of the SWM.
Which of the two methods leads to the best approximation of the ground state may be decided on the basis of the characteristics of the corresponding frequency spectra. In this work we consider the existence of imaginary frequencies as an indication of instability of the phase. If In a final section we give a discussion of our analysis in relation with results of the literature.
General Hamiltonian
We consider a general type of interaction between nearest and next-nearest neighbour pairs, with the restriction that both interactions are proportional. This restriction may not be an essential one but gives some simplifications in the calculations and provides us with a subset of Hamiltonians for which the ground state is exactly known: the singlet-pair state. On the basis of the expressions for the Hamiltonian in (2) and (3) 3. Zeroth-order states and harmonic oscillator approximations
As was already outlined in section 2 the system will be treated as a set of coupled harmonic oscillators. This will be done in two ways according to the definition of the free oscillators. In subsection 3.1 cells of 2 or 4 spins will constitute, in zero order, a set of uncoupled systems, the motion of which being described by a harmonic oscillator approximation.
The number of oscillators per cell equals the number of excited states. Coupling between the cells will have the form, which is also an approximation, of a bilinear expression in terms of the boson creation and annihilation operators13) of the corresponding cells. In subsection 3.2 the standard SWM will be given, generalized for a system with an anisotropic interaction between nearest and next-nearest neighbours.
Harmonic oscillator approximation with cells
As a consequence of translational symmetry the secular problem for each cell is the same, so, for convenience in the notation, the problem will be solved for cell 1, with spins 1 and 2, in the case of cells of two spins. The relevant part of HO, i.e. HO,,, reads
The solution of the corresponding secular problem is elementary and the eigenstates and eigenvalues are listed in table I. Use is made of a notation in which 2 denote eigenvalues &i of the spin components S,(2jZ. In kets like / + , -) the first symbol refers to spin 1 and the second to spin 2. Eigenstates of H,,, are denoted by in), n = 0, 1,2, 3, the corresponding energy eigenvalues by %* Only the case for which IO) is the ground state will be considered, so the 11)=&~l+,-w,+11 e,= 1-A 12)=&+.+)-l-,-11 E*= l+A-2y
parameters y and A should obey
The energy distance to the first excited state, either 12) or 13), is given by: 24 + 4 -217~1. For A = -2 + I-y\ there is no "gap" in the energy spectrum of one single cell and the harmonic oscillator approximation may be unreliable in this case. Now an approximate representation of H will be given in terms of boson operators13), defined by the zeroth-order Hamiltonian H,, = XrZ1 H,,,, which will be written:
(6)
A crucial element in the argument is the supposition that the total probability of finding a cell in one of its three excited states is small as compared to 1, and that this condition is fulfilled consistently in the harmonic oscillator approximation.
For this case one can make a transformation of the spin operators S,, S, into the boson operators by considering the effect of the spin operators on the states of S,,IW = 411,
TARLE III
Transformations of spin variables into boson operators. 
The easiest way to diagonalize the total Hamiltonian H = Ho+ H', in the approximation given by (6) and (7) is to make a transformation to wave-like excitations:
c,(k) = dN 4 -r-c e'k4cS(9), c,( 
Before considering in detail the conditions under which the three branches given in (13) correspond with real frequencies, we first make some simplifications by restricting the range of the parameters y and A. First of all, without loss of generality, we may always choose Y 2 0 because the transformation Y -+ -y is a simple rotation of all spin vectors around the z-axis over an angle r/2. Now the condition (5) which should be fulfilled in the case of a singlet ground state for a pair, reads
This implies that the coupling constants for y and z components in (1) cannot both be negative, so that in all cases considered two coupling constants for a neighbour pair are positive, and, apart from a trivial factor, could always chosen to be 1 + Y and 1 -Y, and consequently 0 c Y < 1. Summarizing we have the following conditions:
OGysl, A>-2+y.
Now the conditions under which all frequencies (13) are real read
Under these conditions the transformations to the boson variables defined by (10) may be performed. The coefficients x,(q) and y,(9) obey the relations x,(9) = x,(-9), y,(9) = ~~(-9) x2,(9) -y:(9) = 1, x,(9) and y,(9) real , and the transformation leads to the following ground-state energy:
The value of the W, is given in (13) , whereas the y, may be derived from (12) . So one finally arrives at
E,= -3(3+A)N+~5&).
For the isotropic case (y = A = 0) this reduces to
-n which formula gives the exact result: -3N for 6 = i. The result (18) may be written in terms of the elliptic function of the second kind:
O~-s~;.
A strictly analogous calculation may be performed for cells of 4 spins. We have only considered the isotropic case, i.e. y = A = 0 (cf. formulas (1) and (2)). The corresponding Hamiltonian for the interactions within a representative cell of 4 spins takes the form H0,,=4[S,S*+S** s,+s,~s,+~(s,~~,+~,~~,)l~ (19) in which the second index of H,, 1 denotes the first group of 4 spins: {1,2,3,4}. Because of rotational invariance in spinor space, the total spin S is a good quantum number. We restrict ourselves to the case S > 0, which implies that the lowest eigenstate of I-I,,, is always a singlet (S = 0). The complete set of eigenstates of H,,, includes two singlets, 3 triplets (S = 1) and one quintet (S = 2) and consequently the cell has a total number of 15 excited states, which may be created by 15 different boson operators acting on the ground state.
In the linearized model only the three triplets play a role, apart from the singlet ground state, which has an energy
The excitation energies for the three triplets are respectively given by
(21)
Again one may introduce boson operators for these cells of four spins and formulate a zero-order Hamiltonian H, for the uncoupled cells in terms of these operators, the energy e0 and the three excitation energies being given in (21). This leads to an expression analogous to (6) . Then again the coupling between the cells may be expressed in terms of the boson operators. Introducing wave-like excitations and performing a diagonalization for modes with the same q-value one finally arrives at the value for the ground-state energy per spin in this harmonic oscillator approximation. The very lengthy calculations are omitted here. We only give in 
The spin-wave model
The spin-wave model (SWM) gives a standard method to determine ground states and elementary excitations in the theory of (anti)ferromagnetism9.").
It is extensively discussed in the literature, but in the textbooks the interactions are mostly restricted to nearest neighbours. Here we give an outline of the generalization for the interactions given in (1) .
The z-axis will be chosen as the quantization axis, which defines the zero-order state in the SWM. Stability conditions (i.e. all magnon modes should correspond with real frequencies) will put restrictions on the values of y, A and 8. These restrictions will be formulated at the end of this subsection.
First we make a simple unitary transformation that transforms the zero-order state into a ferromagnetic state: 
This expression for the total energy may be reduced by means of a Bogolyubov transformation to a sum of independent boson modes: .
-
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This expression for the total energy of the ground state should be compared with the corresponding expressions in the harmonic oscillator approximation for cells, given in (17) and (18).
Before making a comparison between the two methods conditions for the stability of the modes in the SWM have to be formulated. These conditions being fulfilled, all frequencies oq in (27) are real, and they read 
l+Asl+r or l+As(l+r) 1+86*
(1 -6)86 if a<-a.
The next section contains numerical results for the two types of approximation.
Criterion for stability of the antiferromagnetic state
Most attention will be paid, in this section, to the Majumdar-Ghosh chain, i.e. a chain with isotropic nearest and next-nearest neighbour interactions and an arbitrary ratio of the corresponding coupling constants. The Hamiltonian for this system is given by (1) The lowest value for the ground-state energy per spin for 6 B 0 is given by $'. In the interval 0.10~6~0.25, however, C,, seems to give a better approximation, but we should have serious doubts about these values because &(a) is not a monotonous function in this interval, as it should be according to ref. 15 , from which paper it also follows that there is only one maximum, The results of subsection 3.1 suggest that there will be an interval on the &axis, with S = i as an interior point, the length of the interval being a function of 4 and y (cf. (15)), for which the method with cells gives a better approximation to the ground-state energy as the SWM. This, because for 6 = i we have an exact solution. In a sufficiently small neighbourhood of this point the representation of the symmetry group by the ground state will be the same, so that one may expect that the symmetry breaking of the singlet-pair state will be a more general phenomenon, in such a sense that it is not only realized for a Majumdar-Ghosh chain, but also for other interactions. This symmetry breaking always results in a gap of the spectrum of elementary excitations, in contradistinction to an ordering in which there exists a non-vanishing sublattice magnetization, for which there cannot exist a gap, according to Goldstone's theoremlo~'l). P re lminary studies of two-and three-1' dimensional systems suggest that this type of symmetry breaking for quantum spin systems only exists in one dimension, the Ntel picture always being realized for higher dimensions.
By the NCel picture we mean the classical ordering modified by zero-point fluctuations.
Discussion of the results
In this final section we want to compare the results of the two methods available to compute the ground-state energy for the Majumdar-Ghosh chain for values of the parameter S in the interval [-1.00, 1.001. Both methods make use of a well-defined zero-order ground state, which is modified by fluctuations, which are treated like weakly coupled harmonic oscillators. Both methods are given here in their most simple form, which may be improved by taking into consideration non-harmonic terms in the Hamiltonian. This has been done already for the SWM for the linear chain with nearest-neighbour interactions.
In the method based on cells we neglect all higher-order effects and consequently the effect of the coupling between the cell oscillators on the value of the gap may be underestimated for 6 -f. We want to stress that our method, based on cells, is a very suitable alternative of the standard SWM, which may be clearly illustrated by the results for 6 = 0 or i. The SWM gives for 6 = 0 a value Co = -3 + 4/7r = -1.7268 ") (cf. (28) 6 = y = A = 0) whereas our value for cells of 4 spins equals Ed (4) = -1 77735, the exact result being l-4 log 2 = .
-1.7726 i6). For S = l the SWM does not give a value because this method is restricted to 6 <a. Here our method gives, in an almost trivial way, the exact result.
Test for the usefulness of our method for -1.0 c 6 < 1.0 may be found in the comparison with the exact upper and lower bounds determined by Van den Broek"). These bounds are listed in table IV under the heading E~,~ and cLB. Our values for .@ differ less than 1% of those for l UB, but are somewhat higher for 0. Summarizing, we may state that our new model for ordered spin chains gives a considerable improvement of the values for the ground state energy as compared to the traditional SWM. We believe that it gives a strong indication of another type of ordering in the interval 0 s 6 =Z 1.
